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1. XAREEHIBITERH

YA EL EORE S L ITHT I LIZT S, KK
HAEH 2 EAICTEFE D (1947 ) 7Eofein L RS, 1L
AN (1941) ZEEA UREIT 1 2 OMBRE IRD T=23, #UIRS
EREY TR Te X I BRENT D, REOHFTO
HMBRICETES LT, B euniguicize
BETX T, WOETHI oo THAEDR2VIRE
7Eole, FRMTRENIARR & XRIBIEI DRB L B E
T, BT /IRITYREO B I L > THBEN e EE L8
HMLZbOREo, L, BITNFEEXATVWEE
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BELRVBABENERIESERTWVIE T 2n5
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2. HERBEROMEANT b

AT XIZ IR BWIZ UTARBICAS 5, FBtiics
HEMREB L L TV DEERR, BHEDOE:R] (Newton
DEBOFE 1 {ERI) ML LTV 2 EERIT, EBHR
(inertial system) &FHIN TV D, EHERITH T 5
KBGO FLEQTERL, REEDHOED 2
2 ERTE, QA —EE RRshbd, Q
XY MNVOEEEDRE FQR7 M ADIEDR X IZE
Tel FICARVHRERETDME, DFYEFEY IZE
ERg HMX7Z, HAHHATOREN ¢ THIIE, QU
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LT o— 90° ODAEEZZ2TERD, TOHMITDHN
& OMEERE L 725, BT, & (¢ =90°) T
11 90°— 90° = 0° DAER 2T HEIC (DEVQDH

i2), M (¢ = —90°) Tix —90° — 90° = —180°
DAEZ LTI (DX Y Q& Hm &) s E O
EEAMNTWDZ IR 5, SbiZ, EORETD
Coriolis f231% f = 2Qsing THA BN D, FT=iEK
RDRKOKEBARTERY b EuTREE, Coriolis
MEFEuX 20 (I EEEEZ PEh e LT, EDudM

D BEFEEIY (2 90° DAEEZRTHMIZAL Z &I
2B, £LT, SHEEAZEIZRATAICER S 5 FEHs

KEFE 2D, 5 LI HIERFTE S BRI
$L U 7= HATFETE (orientation) 73, AR TOEBLEDIRER
Lo TA,

3. “HEEOEFEXERZR

AH T, ROZFEREOAFEREERZHNTVD,
(1) Cartesian FEE#E%

B 59 5 HERICAESANICER L LTV 58E [geoid &
LIFFEN TV D (58, 1995)] TIXEH EELN LN
AV, T geoid PHHELWEART vy D
BRI RERIEEKFEEE RRL, TOKFEERNTRE
Mz xwh, dbmExizy i, FKFEEICER L THE
ShE X z BhE b O RFTE R EEE Z ) Cartesian JEFE
FTHD, ZORFTEREZERTIE, Coriolis f¥%
P 5 Fik & RABRICKFRE O f R 2 BRIE, B
EES VDO BEAIRY BV (4, 5, k) RPN ES L R
RLTHELIZRY,

(2) B#AEIEZ (natural coordinate system) [JifR
JiEfE % (streamline coordinate system) & WRBIHREEER S
(trajectory coordinate system) & D#aFF]

KEE~RERE LI RO BRRIe I s B, Z
NS B EFREERLTRBMREE~ D EZIMIA M n @i, (£
OEDMX T s B2 5H + 90° OFFm), SMESMEIT q
iz b OB REER (s, n, @) BB D *’DO)E%
EERTH D, HIREEZE (s, n, q) 9%&/\7
RV (35, in, 14) i Cartesian f‘*%ﬁlﬁ{’;:\b\@$4l’\7
b (3, 5,K) & 0 LI2E D

is =4cosf+jsinb (3.1a)

in = —isinf 4+ jcosf © (3.1b)

lg=1Xt, =1 Xj=k (3.1c)

LEED, TIIT01Fd, U L TRIRAMA T, (7.8)
RTRRENTVD L I ITHROTEBRO (HILDOE
X/HBER) LW ERTETHY, FEHRATKRE
KEENLEBD, L, BAIRT M (3,7, k) 13KFEERD
RZEFETNITELMOICERE R L THELXX
AN

SWRITHEHESRY bRV T, FOKERNRZ ZuT
FHix

u=iu (3.2a)

V=iu+kw (3.2b)

L%, T uIMEEMIZEDHSZ b2 T\ D,

4. BREZILHNERER

Kawai (2003) /& natural coordinates {3 metric coor-
dinates TH 5 Lib~7=n, T & Y IHL Kawai (1957)
BRI T A REOESEXZEN TV, L
L, Kawai (1957) % Kawai (2003) I3 [BHRERE] O
#EAZ [REE] ZETRELTWDTH D, £

D%, RAFOS 71 LMIN BB RT o v VEEER
WIZERR T 5 PR OTE 2 BRI 5 BT B &
#L, Gulf Stream B TEAICH SN FER, RAFOS 7
A DERRRE, KT Ve VEERRT ¥ ¥ /LR
ENEFEINLMBRE R L TE OIFEPED S
#L7= (Bower et al., 1985; Rossby et al., 1985; Levine
et al., 1986; Leaman et al., 1989; Bower and Rossby,
1989; Bower, 1989; Bower, 1991), E#Z, RAFOS I
SOFAR D &% Y T» 5 (Rossby et al., 1986), A
H|CIXFERAER LT, BREEAE (natural coordinates)
TR L R REEAE L R T 5 b D & LTHW
TW3,

S BT, 13 BoEMERET V2 AV ORI 51
PE jet DREITAFEE LT AR TE 2 UIBEIRDOZEE)IZ DO
T OHAEREAT (Tkeda, 1981; Ikeda and Apel, 1981) <,
BT DUBEE jet IZ0E D BT v ¥ v MIREE DRIBRD N F
RoYIBEE D 2B\ T OEUEMELT (Stern, 1985; Pratt
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and Stern, 1986; Pratt, 1988; Pratt et al., 1991) 25T
nhivlz, Thbb BREEEZTER LIFRRERRL L
B2 5,

& ZAT, Kawai (2003) 23 A\ Mz “metric” 121, (1)
BEFELLTD A=V (IE) D, (2)4FELTO
[BEHE) LD ZODEEREWNH Y (NHET LV F A
N ABEFIKEEH), metric coordinates & L COHAIZ
IXREO TEHE OBKRA LS TXED, F, BT
JIFHITFE CIIIEREEAE B & & & ORFEI D & SIS
BLR2LT, 1 BEDORR#S 720 T Newton /145t
LT W5, 7235, HIFRERE (curvilinear coordinateé)
DEFNZ KL, BEREEETS T T2 < AEEE ML
B E o TW 5, HREETIE, BREELIZR -
THEBE ORI S 720 THEB = RAF—2 KT L
BTET, BIXIEIRTTHRERE (r, ) DBFEITIL, ABE
JERE DRERISY 0° T2 < rf” DEBIT= R X —D—
BT 5 L1225, TN LY, H
SRIERE L iRIERE L R K IRFAl S, ZOREPBER
BERRIZBET D ERREBO—D L 2o TV D,

BERTEC O RAFOS 7' 1 72 U1 K % BItAE RO
#£C, Sainz-Trdpaga and Sugimoto (2000) /%, stream
coordinate system % i\ 2z L IR TWB D, T HITHR
FRIERE R DNRRIEEIZ R DO DICHEYE T 58 DT
HY, KRBTHRHTL2EREERTHD Z LICHEN,
X7,

TRAREEAE T HNIRBRIERE ThiL, Wbk
IEHEERE (pure, metric coordinates) T %, 55 BiH
DR & R L O D — RIZBIT HUIBMEEITEL
VWA, AR & TRBAR O B SRIE—ARIZE 2 Y, Blaton @
ARIZ LT

00/0t = u x (FREF#RO dh = — Fkk O =)

LEE B,

FRAT 1% T Cartesian BHEEREAE (x, y, z) RER
PEBEIERE (s, n, q) ORIMY bMIEIE Riesh,
Newton #R& bHEN D bfFf& Ry FTRESNT
WBN, TORRERRTIEIEMAE ST A LTRAL
Too BREETIIET D2/ (s, q) OREBST DOFT
MOESNEDEEEBHTRAX—LRY, BT
TNFL 2D LI RRE DS TV D,

5. LEDAAMS

BEDOHEWS T O BRERNT—ETH B0,
ZOERFIIMETH LD, KFEEATO ZRTHR
JFERZ (s, n) (IZDWTDRMS (0/0s,0/0n) 1,0 n3WFZ2
RN TEB T D ERDOG M Th DT, FHiahsy
DEHEEF B HDIHMIG & 725 (Kawai, 1957), T DIEFE
DI 5y %

0/0s =1, V = cos6(0/0x) +sin0(8/dy)  (5.1a)

0/0n =i+ V = —sin0(0/0z)+cos 6(0/dy) (5.1b)

LEFET D, KFEANOBEEERRE 7V % (5.2a) D L
HILEETE

Vi =i(0/02)+5(0/0y) = i5(0/05)+i,(8/n) (5.2a)

ERTCAMEERE T VI (5.2b) DX Y ickE B,
V =Vy +k(8/82) (5.2b)

T THALNRYT RV (i, d,) & 0 IXFZERATERYT
B, BT RV (4,4, k) (KERO#HRE BHIN
TRFTICER L R LTELX AR, (5.1) ol
BAEOEE DT - 5K - 7 - AR OF W, FA
0 NEFZEANTEE L ThH, BEMS L FRICEZ 5,
LinL, 2FELL EDF M DBEIT s DEE
FEINERE L7257, BEFORBITFHFIN
W(7.13) — (7.17)] . ERUICH LB, ZORH
BHEINDERZTON, BREZCETIHH—D
DERRBEL 25Tz, BREEDZ 5 LI
LMY, BREEDOKAEZBATETNSDT, B
SRIEERBIZ BT A IESMBERRZ & 0 (KRENZ D DIEHT
FUZRRT 5 L D 1287 (T 8h),

6. REE

BB 72— IR ) FROMT N A ED &, BEORF
BEZUTIIIIET D,

m (EE) (6.1)
S (&) (6.2)
pr (KT vy VERE) (6.3)
M (SR ¥—)=T+U (6.4)
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L (Lagrangian) =T —-U (6.5)
H (Hamiltonian) = p’/2m+U (6.6)
PV(RT vy )VilE) =—(Z + VpT)/p (6.7)

ZZiz, T = X205z )? i3E# =X —, U =gz
BEHRTF VYNV TRAX—THY, WTNbLEA
BEHYDTIVE—ETH D, piEBHE, Zi3HE
SHBERZ kv, pldBETH 5 (Ertel, 1942; Kawai,
1958; Kawai, 1966)., (6.4) 7>5 (6.6) £ TOZFMHEE
X, ANBIWCHRT DEEERIITT AAEEETED
T, TARATZRXAXF—DRILZ b T D,

% 7=, Lagrangian OE% (6.5) 220, LT DOBAKE
¢ ® Euler-Lagrange O F AN ENN D,

(d/dt)(8L/0s) — (BL/s) =0 (6.8a)
(d/dt)(8L/8n) — (OL/8n) =0 (6.8b)
(d/dt)(0L/dq) — (OL/8g) = 0 (6.8¢)

(6.6) 25, LAT D& S Iz HAKJEERE TO Hamilton D
FRANEPN D,
OH/Op=p/m=3s" (6.9a)
OH/0s=VU(s)=—-p~ (6.9b)
7. BREETOEHEAR
V = i(0/0z)+j(0/0y) + k(0/0z)
= 1,(8/08) +1,(0/0n) +1ie(8/0q) (7.1)
V xi, = [i(8/0x)+3j(8/0y)+ k(d/02)]
X (icos@+ jsinb)
=  —i,(00/02) +1,(00/0s) (7.2)
V X i, = —i,(00/0z) +14(00/0n) (7.3)

Vi, = [i(8)8x) +5(0/0y) + k(8/82)]
(icos@ + jsin®)
= 09/6n (7.4)

Vi, =—00/0s=—1/r (7.5)

V X u=—1i,00/0z+1,00/0n (7.6)
Viu = Vrigu=uV-i,+i V- u
= Ou/O0s+udf/on (7.7)

(7.2), (7.5) TD 0 O s FEEZ- W TDWSY 00/0s i,
(7.8) ITREN TS L DT, FARRCHBIRO =22
r OWHUTMIR B2,

80/8s = 1/r (7.8)

T iz i, dRERTIRERERERROHEIZIEDH
Brizs,

K IEE O R &2 ER T T (4, 7) IXRATAICES L
AR BMD, (4, 2,5 0) IKOVT (3.1a) & (4.1b) &
ZREDTEKRAZ /S,

Dis /0t = 1,00/0t

Oin /0t = —i00/0t (7.9)
0is/0z = 1,00/0z

Oin/0z = —i,00/0z (7.10)
0i,/0s = 1,00/0s

0i,/0s = —i;00/0s (7.11)
fis/On = i,00/0n

Oin/On = —i00/0n (7.12)

(7.9) — (7.12) 1%, KEENO B RERH ST HOH
BT R ADOBSE, F ORI EE 2 FER O [E]
Y O ERM/INENL (dz, ds, dn) B 72 D OEIEREEE
DEER Y BV (EDR X I3AR VD & & OREED
WX) LRBIEERLTND, £, ZEBREOER
FORBEBRN L = ERMSRE TR D EBIRA RO
A (Kawai, 1957) 12T O X 5 12785,

(0/0t)(8/0s) — (8/95)(6/0t)

— (99/0t)(8/0n) (7.13)
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(6/6%)(8/8n) — (8/0n)(8/01)

= —(80/8t)(8/8s) (7.14)
(8/02)(0/0s) — (8/0s)(8/9z2)

= (00/82)(8/dn) (7.15)
(8/02)(8/0n) — (9/0n)(8/62)

— —(80/82)(8/9s) (7.16)
(0/0n)(0/0s) — (0/0s)(D/0n)
= (80/8s)(8/ds) + (06/8n)(8/6n) (7.17)

(8%/0s%) = cos? 0(8°/0x) + sin 20(8%/Oydx)

+ sin®0(6%/0y?)

+ (80/6n)(8/0n) (7.18)
(8% /0n?) sin” 6(8?/92>) — sin 20(6*/ Byox)

+ cos?0(8%/0y?)
— (08/0n)(0/0s) (7.19)

V% = (i,0/0s +1,0/0n)*(4:0/0s +i,0/0n) (7.20)

(7.18) & (7.19) & &30 2 M BENIT

VY = 8%/8s® 4 0%/on® + 8°0x® + 6%/ oy*
+ (86/0n)(8/0n — 0/0s)

+ J(0,X/n,s) (7.21)

(7.21) OEHE DML (7.22) TEFR SN S Jacobian T
BH5,

J(8,X/n,s) = (80/0n — 8X/ds) (7.22)

8. —iREXERE L 5RER

—REFARHEREIC LT, TR TCoOHEEIMEE
DEBRIZBWTHIZFILETEINS, LirL, #
3 B PEE R KV MBER|DEREERE R R R D120,
Bz RINHPBEHNBERFRLCTH-TH, RSN 5D
ROBNEENT HEERIZLY BlooTL B, FlxiT,
YEIERIZ XY FAVTREE, X7 MAROBILEE
RIZEL S TELZRNN, WEERZ EEAHCHEREIE
KOBHE>TL D, HIREE TITHMR R O5EMR
iR 00/0s & L THIEICRBLCE 50T (7.8), W
BERIONBEZERBICEZZNE VI R b H 5 5 2,
AENENORTF - RBFICLVZITEY HIEER2D
7259,

E
KEFIZBEET B HBIC W T A Y FEFEVES
e EERELICEILE R B,
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Practical Use of Natural Coordinates

with the Aid of Analytical Dynamics

Hideo Kawai T

Abstract

Since natural coordinates are purely metric coordinates, without non-
dimensional, angular coordinates as contained in polar coordinates, half of
the squared sum of time derivatives of natural coordinates exactly gives the
kinetic energy. This is an easily handled advantage of using natural coordi-
nates. Since each of the differentials with respect to the natural coordinates
is a directional differentiation in a wide sense, they become nonlinear opera-
tion when associated with a temporally and spatially variable direction, and
this prohibits the exchange of order of the directional differentiations. This
is disadvantageous for the use of natural coordinates. On the other hand, re-
garding time derivatives of position coordinates as independent variables in
techniques of analytical dynamics leads to extreme abstraction that takes this
analysis beyond common, mathematical logic. Newtonian dynamics can be
managed by using the first order differentiation only; however, Ernst Mach
has regarded analytical dynamics as a typical example of economical thinking
based on mathematics. Since several physical quantities of energy (named af-
ter pioneering scientists) have been introduced into analytical dynamics, then
this must be a technique to easily transform coordinates. We expect to make
practical use of the natural coordinates in geophysical fluid dynamics, using

analytical dynamics.

Key Words : natural coordinates, analytical dynamics, geophysical fluid dynamics,

metric coordnates, directional differentiations
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